We consider the problem of finding four different rational squares, such that the product of any two plus the sum of the same two always gives a square. We give some historical background to this problem and exhibit one such quadruple.
Introduction
The genesis of this work is the following section taken from Chapter 19 in Volume 2 of Dickson's "History of the Theory of Numbers" [1] .
Fermat treated the problem to find four numbers such that the product of any two increased by the sum of those two gives a square. He made use of three squares such that the product of any two increased by the sum of the same two gives a square. Stating that there is an infinitude of such sets of three squares, he cited 4, 3504384/d, 2019241/d, where d = 203401. However, he actually used the squares 25/9, 64/9, 196/9, of Diophantus V, 5, which have the additional property that the product of any two increased by the third gives a square. Taking these three squares as three of our numbers and x as the fourth, we are to satisfy 34 9 x + 25 9 = 73 9 x + 64 9 = 205 9 x + 196 9 =
This "triple equation" with squares as constant terms is readily solved. T.L.
Heath found x to be the ratio of two numbers each of 21 digits.
This section generated several questions: 
Infinitude of Eulerian Triples of Squares
We wish to find x, y, z such that
Rather than have a complicated analysis, we show that there are an infinite number of solutions with x = 2.
Thus we look for y, z with
Rational solutions of 5t 2 + 4 = can be parameterised as t = 4f /(5 − f 2 ), with f rational. Thus y = 4m/(5 − m 2 ) and z = 4n/(5 − n 2 ), which can be substituted into the third part of (1).
We find that m and n must satisfy
Define d = Y /m and n = X/m, giving the quartic relation
This quartic has an obvious rational point X = 0, Y = 5m 2 , and so is birationally equivalent to an elliptic curve. Using the standard method described by Mordell [4] , we find the elliptic curve (with m = p/q)
The curve has 3 points of order 2 with J = 0, which lead to z = 0, so we need other rational points for non-trivial solutions. Evidence suggests that the torsion subgroup is just isomorphic to Z2×Z2, but this would be difficult to prove. If true, we need the curves to have rank greater than 0 for solutions.
If we experiment, we quickly find that m = 1/2 gives a curve
2 +146625K which has rank 1 with generator P = (245, 2100). m = 1/2 gives y = 8/19 and the point P gives n = 15/7 and z = 21, and it easily checked that {4, 64/361, 441} is a square Eulerian triple.
Since the curve has rank 1 we have that integral multiples of P are also rational points on the curve. For example, doubling the point P leads to the values K = 187489/441, J = 651232/9261 and so n = 376/9093 and an alternative z of 13675872/413271869. There are thus an infinite number of Eulerian triples with x = 2, y = 8/19.
Numerical Values
It is totally unclear from Fermat's original work where his numerical example involving 4 comes from, as he just states this result with no supporting algebra or computation. As we saw in this last section, there are much simpler sets which include 4.
We now consider the system 34 9
x + 25 9 = 73 9 x + 64 9 = 205 9 x + 196 9 =
We first write 34 9 x + 25 9 = 5 3 + f x 2 which gives x = 2(17 − 15f )/(9f 2 ).
Substituting this into the second and third equations, we find the following two equations must have rational solutions: and if we substitute this into the other quadratic relation we find, clearing denominators, that we must have a rational solution to
Since 14161 = 119 2 we can attempt to complete the square, by forming G(g) − (αg 2 + βg + γ) 2 . Simple arithmetic shows that if α = 119, β = 21516/7, γ = 919177353/11662 then
Thus, we have a square solution when g = −22275/13328, which gives f = 142415972261/56567733755 and finally
where both numerator and denominator have 21 digits.
Because equation (3) Attempts, as before, to find a smaller value of x lead to the elliptic curve
The completing the square values lead to a point of infinite order on this curve with u = −9390695817653070336/2019241. Investigations with APECS, mwrank, and SAGE were unable to find other generators. Both APECS and mwrank give 3 as an upper bound for the rank. The root number is −1, so the parity conjecture suggests the rank is 1 or 3, but we are unable to be exact.
Square Quadruples
We now consider the problem of finding {x 1 , x 2 , x 3 , x 4 } with all 6 combinations x 
